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Basic parameters and notations

Electron number density n,, temperature T (+ magnetic field B).
lon number density n;; ne= (Z)n; n; = an {(f) = ijfj T; =
J 3

nj

L

: —1/3
Density parameter 75 = ae/ag = 1.172n,, /3 _ (po/P) 3 where po=pl(1 g cm3)

a4 Y3 2  ne
Qe — (Ewne) aq = TTEEEQ 94 = T p—
- ngy A ; " Al L
=— 7 A ={A+A — 2.675 —
Mass density p .66 (Z) (A)+ g 7 & em
m:{Ze k 4 —1/3

Fermi momentum  pg = A (312ne) /3

1/3

. Z

Relativity: . — PF _ 1 gogsa (‘”ﬁ(f )) — 0.014005 7 *
MeC A

fyIE*\Xl—I—ml?



Basic parameters (continued)

(Kinetic) Fermi energy ep = ¢ \/(mﬁﬂ)z + pZF — mec® = mec? (7 — 1)
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Free energy decomposition

F=F, +F( )+ Foe+ Fi+ Fy
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Ideal ion gas
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Ideal Fermi gas
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S. 1. Blinnikov, N. V. Dunina-Barkovskaya, D. K. Nadyozhin, Astrophys. J. Suppl. Ser., 106, 171 (1996);
erratum: ibid., 118, 603 (1998);
G. Chabrier, A. Y. Potekhin, Phys. Rev. E, 58, 4941 (1998).



Ideal Fermi gas
(continued: low temperatures, high densities)
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Alternative — numerical calculation, composition of tables, and interpolation

F. X. Timmes, D. Arnett, Astrophys. J. Suppl. Ser., 125, 277 (1999);
F. X. Timmes, F. D. Swesty, Astrophys. J. Suppl. Ser., 126, 501 (2000).



Electron exchange and correlation

S. Tanaka, S. Mitake, S. Ichimaru, Phys. Rev. A, 32, 1896 (1985);
S. Ichimaru, H. lyetomi, S. Tanaka, Phys. Rep., 149, 91 (1987). _
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The best numerical Monte Carlo results at 1 < T < 190: s ::; ] é

J. M. Caillol, J. Chem. Phys., 111, 6538 (1999). LN 0o+ Monte Carlo

Debye — Hiickel formula + corrections up to O(T'¥2In I): Yy ¢ Y vHNC i

E.G.D. Cohen & T.J. Murphy, Phys. Fluids, 12, 1404 (1969). 08| U om =
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Fit formula reproducing Caillol’s results at 1 < 1" <190 et

with a fractional error ~1/10, and also reproducing the 000z - L]

Cohen — Murphy formula at I'<0,3 T L M e catr o ]

A. Y. Potekhin, G. Chabrier, Phys. Rev. E, 62, 8554 (2000) = RN Lt =]
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J. P. Hansen, Phys. Rev. A, 8, 3096 (1973): Fwk _ 7 Lo
NikgT ~— 24 T

Next order corrections — J. P. Hansen, P. Vieillefosse, Phys. Lett. A, 53, 187 (1975).
Numerical results beyond perturbation theory are wanted for quantum liquid



Coulomb (Wigner) crystal

Harmonic approximation:
Flat = Un + Uq +3NikgT (In[l — exp(—Fwgs/kBT)]) o
Unt = NiCwi(Ze)*/a; Ug=3Nikwpu1  u1 = (Wks)ph

With anharmonic corrections,  Flut
NikgT

= Cyl'+ L5um+ fiy, + fan

Cw Uy, fyy: @analytic formulae [D. A. Baiko, A. Y. Potekhin, D. G. Yakovlev, 2001, Phys. Rev. E, 64, 057402]

Classical anharmonic corrections
3
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R. T. Farouki, S. Hamaguchi, 1993, Phys. Rev. E, 47, 4330: fih)(r‘)— Z k
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Quantum anharmonic corrections

high-T perturbation [J. P. Hansen, P. Vieillefosse, Phys. Lett. A, 53, 187(1975)]
£, m) = r9(T)—(0.0018046/T+0.085072/T%) '
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T=0 [e.g., W. J. Carr, Jr,, et al., Phys. Rev., 124, 747 (1961)] Uph T = _blT'*? bﬁO,lZ
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Interpolation: fan=F/ T e T —— ¢ =b/a; =0.0112

r



—f ah

Anharmonic corrections
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WK (Wigner — Kirkwood): J. P. Hansen & P. Vieillefosse, Phys. Lett. A, 53, 187 (1975) — perturbation.
I0I: H. lyetomi, S. Ogata, S. Ichimaru, Phys. Rev. B, 47, 11703 (1993) — simulations and analytic model.
“present” — interpolation

Reliable and usable numerical results beyond perturbation theory
and beyond the harmonic model are wanted for quantum crystal



Electron-ion interaction
Electron polarization in Coulomb liquid
Potekhin & Chabrier, Phys. Rev. E, 62, 8554 (2000): HNC calculations + fit
__Fe _ _p cpuVTle + orpal'vg1(rs, Te)ga(ar)
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Electron-ion interaction

Electron polarization in Coulomb crystal

For Yukawa potential model — S. Hamaguchi, R. T. Farouki, D. H. E. Dubin, Phys. Rev. E., 56,
4671 (1997).

In the harmonic approximation — D. A. Baiko, Phys. Rev. E., 66, 056405 (2002).

Semiclassical perturbation theory — Potekhin & Chabrier, Phys. Rev. E, 62, 8554 (2000)

+ update:

fie = —foolz:) I'[1 + Alzr) (Q(n)/T)°] . 1/2
In (1 + e(q”j_)

In (E‘ — (e — 2].9—(9’??]")

New formula for quantum suppression factor: (7)) =

Numerical results beyond perturbation theory and beyond Yukawa-
potential and harmonic models are wanted



Heat capacity of plasma in a white dwarf or a neutron star envelope
log T

Various contributions to the heat capacity of carbon at density 10° g cm-3



Melting of a Coulomb crystal
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Top: Latent heat of carbon and iron as function of denity.
Bottom: Coulomb coupling parameter I" value at the melting point.



Coulomb plasmas in quantizing magnetic fields

Basic parameters

eb ﬁu"ll( B hur'( 9 . B
We = —— ."3 — 1 5 — 3 E;l — — ﬂ:ﬁul.ij) — 13
MeC mee*/h-  2.3505 x 107 G Mec? 4,414 x 10 G
[
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Magnetic length”  ap, = - B NE; Landau levels e, = mec™ (V1 4 2bn—1)

lon cyclotron frequency:  w.; = Z (me/m;) we
Strongly quantizing magnetic field parameters for the electrons:
pE = ?045‘;5?2/2 Tp=1343x10°Bpy K Th=Tg/n
pp = 2n%a> hne. g =2x)/3b

Conditions of a direct influence of the magnetic field on the ions in a Coulomb
crystal (D.A.Baiko, PhD thesis, 2000):

Wei 2 Wp o ) B < 100 /g
hwe 2 kpT Bio 2 T/10° K



Nondegenerate nonrelativistic ions in quantizing magnetic field
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Partially degenerate relativistic electrons in quantizing magnetic field
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Exchange & correlations

Interpolation between different limiting cases:
A. Y. Potekhin, G. Chabrier, Yu. A. Shibanov, Phys. Rev. E, 60, 2193 (1999).



Equation of state of magnetic neutron star envelopes

log n, (cm~3)
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reduced thermodynamic functions
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Normalized thermodynamic functions of fully ionized iron without magnetic field (dashed lines) and in
a strong magnetic field (solid lines)



Equation of state of multicomponent
Coulomb plasmas

Strongly nonideal Coulomb plasma

For every component j one can write  f., = F— = fii+ Jie + Zjfee
© NikpT
Linear Mixing Rule
72/
LM J
Jex ( E:Eyﬁﬁr = 1), ]%::F¢Zy%

Weakly nonideal Coulomb plasma
Debye — Hiickel approximation
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Debye — Hiickel versus LMR
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Variants of interpolation

J. K. Hanéxwun, A. B. YOmun, ITucoma 6 Acmpon. scypu., 31, 299 (2005)
= D. K. Nadyozhin, A. V. Yudin, Astronomy Letters, 31, 271 (2005)

(a) Mean-ion model (the worst)
(b) Modified LMR
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Internal energy of a binary ionic mixture (BIM)
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Dashed lines: Debye — Hiickel approximation.
Dot-dashed lines: “modified LMR”



BIM internal energy
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MC (e): H. DeWitt, W. Slattery, G. Chabrier, Physica B, 228, 158 (1996).
HNC: X — G. Chabrier, N. W. Ashcroft, Phys. Rev. A, 42, 2284 (1990); a — 2008.



BIM internal energy
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MC (e): H. DeWitt, W. Slattery, G. Chabrier, Physica B, 228, 158 (1996).
HNC: X — G. Chabrier, N. W. Ashcroft, Phys. Rev. A, 42, 2284 (1990); a — 2008.

Solid lines — present approximation.



BIM free energy
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Asterisks — HNC results by G. Chabrier, N. W. Ashcroft, Phys. Rev. A, 42, 2284 (1990).
Triangles — HNC results (2008).
Solid lines — present approximation.



BIM internal energy
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BIM free energy
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Check for three-component plasmas
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Free energy of three-component plasmas
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First version of the fit: A.Y.Potekhin, G.Chabrier, F.J.Rogers, Phys. Rev. E, 79, 016411 (2009)

Finetuningatl' > 1

A.Y.Potekhin, G.Chabrier, A. I. Chugunov, F.J.Rogers, H. E. DeWitt,
Phys. Rev. E (submitted)
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Approximation of numerical results
(HNC at small to moderate ' and MC at I" > 1)
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Summary

» Formulae for calculations of the free energy of fully ionized
nonideal Coulomb plasmas are systemized, selected, and in some
cases improved.

» A simple formula is constructed for interpolation of the free
energy of 1on mixtures in gas and liguid phases at arbitrary
coupling I'; it agrees with HNC and MC calculations within the
accuracies of these calculations.

> The expressions for the free energy and the first and second
derivatives are implemented in the set of Fortran subroutines for
calculation of thermodynamic functions, freely available at
http://www.loffe.ru/astro/EIP/



